
 

   
Abstract –– The Levenberg-Marquar

method is an iterative numerical technique th
deal with the problem of least squares 
particular, in this work it is used to fit the par
in a semi-empirical model of the pFGMOS d
electron injection current. The injection cur
mechanism by which the electrical charge on
in pFGMOS transistors can be modified. Thi
the use of the Levenberg-Marquardt algorith
measurement data from an experimenta
fabricated in 0.5-micron standard CMOS tech
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I.  INTRODUCTION 
 
 The Levenberg-Marquardt (LM) curv
can be better understood as a combinatio
optimization methods namely, the gradie
known as steepest descent) and the Gauss-
It considers a set of measured data point
mathematical model with a set of n parame
to fit. There is no information a prio
mathematical model is suitable to fit the e
or the number of parameters used in the m
Nonetheless, the LM method can be used
proposed mathematical model by finding t
parameters involved that best fit the meas
some acceptable error.  
   The model whose parameters will be opt
LM method describes the injection of electr
the floating gate of the p-channel Floa
Transistor (pFGMOS), see Fig. 1(b). This 
proposed in [2] according to the expression 
ݕ  ൌ ܫ ൌ ݔௌ݁ܫߙ ቆെ ఉ൫ఋା௩൯మ 

 
  where: 
 
ܫ   – Electron injection current into the floa
 .௦    -  Channel current in the pFGMOSܫ 
 .ௗ -  Gate-Drain voltage differenceݒ 
 .௦ௗ -  Source-Drain voltage differenceݒ 
,ߙ  ,ߚ ,ߛ .Parameters (or constants) to fit  -   ߜ
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Fig. 1 The pFGMOS transistor. (a) Si
section, where curved blue lines repre
current heading to the floating gate acco

    Fig. 1(a) illustrates a typical re
pFGMOS structure from which the
Fig. 1(b) can be obtained; electrons
holes near the drain can gain energ
thin SiO2 energy barrier to be inject
    

II. INJECTION MODEL FITTING US
 
   The injection model (1) can be co
a vector  ൌ ሺߙ, ,ߚ ,ߛ ሻ ߜ ൌ ሺଵ
parameters to optimize, so for th
model predicts the value: ݕሺݐ; ሻ ൌ ݔ௦݁ܫଵ ቆെ ൫బ
  
where  k = 1,…,m. 
 
   The LM method considers a figur
function for short) that estimate
weighted differences between the
currents ݕ  and the values of the m
guess of the parameter vector , ac
  ߯ଶሺሻ ൌ ଵଶ ∑ୀଵ
where: 
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ݕ    -   is the k-th measured injection current. 
 . -   is the k-th weightݓ 
 
    Or in vector notation: 
 ߯ଶሺሻ ൌ 12 ሾ࢟ െ ܶ݉ݔሻሿ1ොሺ࢟ ࢟ሾ࢞ࢃ െ  (4)    1ݔሻሿ݉ොሺ࢟

,࢟   ሻෝሺ࢟ א      Թ, א        Թ 
 

  where: 

࢞ࢃ ൌ
ێێۏ
ۍێێ
1 ଵଵଶൗݓ 0 … 00 1 ଶଶଶൗݓ … 0ڭ0 0ڭ …ڰ 1ڭ ଶൗݓ ۑۑے

 (5)     ېۑۑ

 
     Matrix (5) is a weighting squared diagonal matrix. The 
weight values are proposed to be proportional to the mean 
squared measurement error. The dimension of vectors and 
matrices are explicitly indicated in their respective sub 
indexes just for the sake of clarity.  
 
   The convergence of the algorithm can be observed through 
the error value ߯ଶሺሻ which is expected to decrease with 
each iterative step as better parameter values are found, as 
can be observed in (3).  If the gradient of this error, which is 
as function of  , is estimated, the direction of the resulting 
vector will give valuable information about the steepest 
ascend. 
 
   Without loss of generality, for the j-th parameter the rate 
of change of the error function can be depicted as: 
߲߲  ߯ଶሺሻ ֜ ߲߲ ൝12  ቆ݇ݕ െ ;݇ݐሺݕ ݇ݓሻ ቇଶ

ୀଵ ൡ 

ൌ 12  ߲߲ ቆ݇ݕ െ ;݇ݐሺݕ ݇ݓሻ ቇଶ
ୀଵ  

ൌ 12  2 ቆ݇ݕ െ ;݇ݐሺݕ ݇ݓሻ ቇ ߲߲ ቆ݇ݕ െ ;݇ݐሺݕ ݇ݓሻ ቇ
ୀଵ  

ൌ  ቆݕ െ ;ݐሺݕ ݇ݓሻ ቇ ߲߲ ቆെ ;ݐሺݕ ݇ݓሻ ቇ 
ୀଵ  

ൌ െ  ቆݕ െ ;ݐሺݕ ݓሻ ቇ ߲߲ ቆݕሺݐ; ݓሻ ቇ
ୀଵ  

(6) 
 
     By observing this rate of change in (6) the gradient can 
then be sketched in vector notation as: 
ሻଶሺ߯  ൌ  ଵ߲߲ ߯ଶሺሻ, ଶ߲߲ ߯ଶሺሻ, ڮ , ߲߲ ߯ଶሺሻ൨ 

 

ሻଶሺ߯ ൌ െሾ࢟ െ ሻሿଵ௫்ෝሺ࢟  (7)       ࢞ࡶ࢞ࢃ
 

where: 
 

࢞ࡶ ൌ
ێێۏ
ۍێێ

డడభ ;ଵݐሺݕ ሻ డడమ ;ଵݐሺݕ ሻ ڮ డడ ;ଵݐሺݕ ሻడడభ ;ଶݐሺݕ ሻ డడమ ;ଶݐሺݕ ሻ ڮ డడ ;ଶݐሺݕ డడభڭሻ ;ݐሺݕ ሻ డడమڭ ;ݐሺݕ ሻ ڮڰ డడڭ ;ݐሺݕ ۑۑےሻ
 (8)  ېۑۑ

 
    Equation (8) is the Jacobian matrix of size m x n (having 
m measurements and n model parameters) evaluated at 
vector   which represents the rate of change of the model 
to fit in variation of each parameter component.  
 
   To find the steepest descent using (7), a vector of the 
opposite direction must be considered, so if a vector  
should be found better than  then a small perturbation 
vector ࢎࢾ around  must be pointing towards the following 
direction: 
ࢎࢾ  ൌ ࢟ሾߙ െ ሻሿଵ௫்ෝሺ࢟  (9)      ࢞ࡶ࢞ࢃ
 
 This perturbation vector ࢎࢾ moves the parameter vector  just in the direction of the steepest descent and the scalar ߙ  0 determines the length of the step in the steepest 
descent. Note that the vector in (7) is just in the opposite 
direction of that of (9). Equation (9) is just the contribution 
of the gradient descent method to the LM algorithm. 
 
     The Gauss-Newton contribution to the LM method 
comes from assuming that the model to fit ݕሺݐ;  ሻ is
approximately quadratic in the parameter vector in the 
neighborhood of the optimal solution. The first order Taylor 
series for the model ݕሺݐ;  will be  ሻ around some vector
an acceptable approximation to consider, as given by:     
ሻ௫ଵොሺ࢟  ൎ ൯௫ଵො൫࢟  ൯ൣ൫ࡶ െ  (10)    1ݔ൧݊

 
     If     ࢎࢾ ൌ   െ  :then 
ෝሺ࢟   ሻࢎࢾ  ൎ ሻෝሺ࢟   (11)        ࢎࢾ۸ 

 
      By substituting (11) in (4) a new function of the 
perturbation vector can be observed: ߯ଶሺ  ሻࢎࢾ  ൎ 12 ሾ࢟ െ ෝሺ࢟  ࢟ሾࢃሻሿ்ࢎࢾ  െ ෝሺ࢟   ሻሿࢎࢾ 

    ߯ଶሺ  ሻࢎࢾ  ൎ ଵଶ ሾ࢟ െ ሻෝሺ࢟ െ ࢟ሾࢃሿ்ࢎࢾ۸ െ ሻෝሺ࢟ െ  Jࢎࢾሿ  (12) 
 
 
     The perturbation vector ࢎࢾ that minimizes ߯ଶሺ   ሻࢎࢾ 
can be estimated from the gradient: 
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ଶሺ߯  ሻࢎࢾ  ൌ డడࢎࢾ ߯ଶሺ  ሻࢎࢾ  ൌ 0    (13) 
 

     As can be seen in (12), (13) involves a series of 
multiplications of terms, from which only those related to 
the perturbation vector will be considered in the following 
equation: ߲߲ࢎࢾ ߯ଶሺ  ሻࢎࢾ  ൎ 

 ൎ ࢎࢾ߲߲ ൜12 ሾ࢟ െ ሻෝሺ࢟ െ ࢟ሾࢃሿ்ࢎࢾ۸ െ ሻෝሺ࢟ െ  ሿൠࢎࢾ۸ 
 ൎ 12 ࢎࢾ߲߲ ሼെ2ࢎࢾࡶࢃ்࢟   ሽࢎࢾࡶ ࢃࢀࡶ்ࢎࢾ  ࢎࢾࡶ ࢃሻ்ෝሺ࢟2
 ൎ െሾ࢟ െ ࡶ ࢃࢀࡶ்ࢎࢾ  ࡶࢃሻሿ்ෝሺ࢟ ൌ 0     (14) 
 

  This last conclusion will give the condition for ࢎࢾ that will 
make the error function the minimum, resulting: 

ࢀࢎࢾ  ቂࡶ ࢃࢀࡶቃ ൌ ሾ࢟ െ  (15)    ࡶࢃሻሿܶෝሺ࢟
 
 

II. THE LEVENBERG-MARQUARDT ALGORITHM  
 
     The core of the Levenberg-Marquardt algorithm can be 
expressed as: 
ࢀࢎࢾ  ቂࡶࢃࢀࡶ  ቃࡵߣ  ൌ  ሾ࢟ െ  (16)      ࡶࢃሻሿܶෝሺ࢟

 
   where small values of ߣ result in a Gauss-Newton update 
and large values of ߣ result in a steepest descent update. 
Within the iterative process of the algorithm there is an 
adaptive variation of ߣ so as the solution approaches the 
optimum value for Ԧ then ߣ is decreased and the algorithm 
becomes a Gauss-Newton update. 
 
 
   In this work, (16) is applied to the injection model (1) 
along with its parameter vector  ൌ ሺߙ, ,ߚ ,ߛ ሻߜ א Թସ using 
a set of m measurements made from the experimental cell 
described in the following section. The main logic structure 
of the LM algorithm can be synthesized in the following 
pseudo-code. 
 
LM pseudo code: 
 

1. Propose an initial guess for parameter vector  
e.g.:  ൌ ሺ1, 1, 1, 1ሻ. 

2. Propose a modest initial value for ߣ, e.g.: ߣ ൌ0.001. 
3. Propose weight values proportional to the mean 

squared error: ݓଶ ൌ ሾ࢟ െ ࢀሻሿଵ௫ෝሺ࢟ ሾ࢟ െ  ሻሿ௫ଵෝሺ࢟

4. For each i-th iteration (i=1, 2, …., k ): 
4.1 Estimate ߯ଶሺሻ from (3). 
4.2 Find the perturbation ࢎࢾ from (16). 
4.3 Estimate the new vector ା ൌ    . ࢎࢾ
4.4 If ߯ଶሺାሻ  ߯ଶሺሻ  increase ߣ by a factor of 

10 (this value can be modified to test the 
convergence speed). No updates are taken for ା, instead go to step 4.2. 

4.5 If  ߯ଶሺାሻ ൏ ߯ଶሺሻ decrease ߣ by a factor 
of 5 (this value can be modified to test the 
convergence speed). Update ା. 

4.6 Estimate the error. 
4.7 Go to step 4.1 to estimate ߯ଶሺାሻ. 

 
   The Jacobian matrix Jmxn can be numerically 
approximated through the small differences between ା 
and  as: 
 ݆ ൌ డ࢟ොడೕ ൌ ԡࢎࢾሻԡ ;ොሺ௧࢟൯ିࢎࢾା ;ො൫௧࢟       (17) 

 
    It is possible to control a set of parameters of the iterative 
process to improve the convergence of the algorithm, for 
example, we set the maximum limit of iterations to be 200; 
the value of λ when increased (step 3.4) is different when 
decreased (step 3.5); a minimum error figure also might be 
considered. There are excellent references about the code 
implementation of the LM algorithm in [1] and [3]. 

 
 
 
 
 

III. EXPERIMENTAL CELL 
 
      
    A set of 256 measurements were made using the test cell 
of Fig. 2, where the channel current of transistor Minj is held 
constant through the current source Is and its source to drain 
potential Vsd is also held constant through Vref. With the 
imposed conditions of constant Is and Vsd, the voltage Vgd 
is self biased to fulfill its imposed conditions. In these static 
conditions a constant injection current is held as can be seen 
from (1). The operational amplifier in the control gate 
provides a linear change of voltage [9] at node Vout, as a 
result of the dynamic integration of the injected current 
through capacitor Cin. By taking the slope of this linear 
change at Vout in different time instants it is possible to 
indirectly estimate the injected current by considering: 
 
  ݅ ൌ ܥ ௗௗ௧ ൌ ்ܥ మିభ௧మି௧భ ൌ ்ܥ ఈೠమିఈೠభ௧మି௧భ ൌ ܥ ∆ೠ∆௧   (18) 

 
where: 
 

CT - Total capacitance seen by the floating gate 
including parasitic capacitances. 
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(Vfg1, t1) -  Floating gate voltage at in
(Vfg2, t2) -  Floating gate voltage at in
Cfg – Floating gate capacitance. 
α -   Coupling capacitive factor fߙ ൌ   
 

   In essence, it is possible to measure the 
just by observing the voltage change in V
finite time as can be seen from (18). 

 
  The geometry of the pFGMOS within o
cell was L = 0.6µm, W = 0.9µm. It was f
micron, n-well, standard CMOS MOSIS tec
 

Fig.  2 Experimental test cell used to measur
model (1). 

 
 
   To collect useful data to achieve the cur
Vref was held constant while a set of 32 di
Is where used to obtain its correspondin
values. The purpose of this strategy is to f
for a discrete set of currents Is except fo
values to fit. By following this strategy th
set of voltages Vsd it is possible to collect a
use in the LM algorithm. Fig.(3) shows the 
for 8 different Vsd voltages, each contai
values for Is and Iinj. 
 
   As a result of the injection process, t
voltage is diminished as a result of the incre
electrons [5], [8], so for every set of 32 inj
tunneling pulse Vtun of ~15.4V was ap
seconds to rise the floating gate voltage to
the cell ready for another round of 32 injecti
 

IV. RESULTS 
 
 
 
    The measured data set (256 points) can
circles in Fig. 3 which is a log Iinj vs. 

nstant time t1. 
nstant time t2. 

from Vout to Vfg: 

injection current 
Vout within some 

our experimental 
fabricated in 0.5-
chnology. 
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n be observed in 
log Is plot. The 

continuous lines are the mathematic
having the parameters found by the 
 
 ݅ ൌ ௦exp ൬െܫ10ିହݔ70 ଵସଵହ൫௩ାସ.

 
 
    The LM algorithm was executed
the initial parameter vector  ൌ ሺ1
lower values of the error function ߯
 
 
    Fig. 4 shows the evolution of the
a semi-log plot, which is used to ob
the algorithm and the values of
iterative process. It is possible to 
increasing lambda and decreasing 
convergence of the algorithm.  
 
 
 
 

Fig. 3   Model fit comparison with th
curve contains 32 measured (Is, Iinj) d
different Vsd proposed.  
 
 
 
   Also, it is possible to observe
parameter vector through the it
algorithm as show in Fig. 5. 
 

cal model following (19) 
LM algorithm. 

଼ଷ൯మ   ௦ௗ൰       (19)ݒ1.695

d several times changing 1, 1, 1, 1ሻ  at each trial as ଶሺሻ were found.   

e error function ߯ଶሺሻ in 
bserve the convergence of 
f ߣ adopted within the 
test different values for 
lambda to improve the 

 
he measured data set. Each 
data points (circles) for each 

e the evolution of the 
terative process of the 
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Fig. 4 (a) Error function ߯ଶሺሬሬԦሻ evolution; at 
initial parameter vector was modified by a ࢎࢾሬሬሬሬሬԦ
smaller in the iterative process. (b) Evolution 
steps 3.4 and 3.5 of the pseudo-code, starting fro
 
 
 
  Through the several runs of the algorithm
better fitting, the final values observed i
vector shown in Fig. 5 were taken in the 
vector of the next run of the algorithm, in
confirmed that the error was constantly 
confirming also the convergence of the algo
 
 
   The model fitting was validated by consi
of merit function to decrease below som
value. This does not tell per se whether w
local minimum nor a global minimum. 
 
 
    As proposed in [2], Fig. (6) shows th
circuit that can be used to implement the e
current by using a voltage controlled curren
Ginj embedding the model fit (19). The ad
controlled voltage source with series res
improve the convergence in Spice. Transis
the MOS capacitor used for tunneling. 
    
  

 
each iteration the ࢎԦ making the error 
of ߣ according to 

om 0.001. 
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Fig. 5 Evolution of the parameters inv
These values are not the best fit foun
values evolving in the iterative process. 
 

Fig. 6  pFGMOS circuit macro model u
injection current. The voltage Vic is us
condition in the floating gate. This 
standard transient analysis of Spice sim
likely to have convergence issues [4]. 
 
 
 
 

 
volved in the fitting of (2). 
nd of (2), are intermediate 

 
used to simulate the electron 
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macro model is useful in 

mulators. DC simulations are 
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V.  CONCLUSION 
 

 
   The Levenberg-Marquardt method can be used as an 
iterative algorithm to fit nonlinear mathematical models to 
experimental data within some accepted error criterion. The 
method provides robust and rapid convergence. As an 
example of the implementation of this method, the hot 
electron injection semi-empirical model proposed by Chris 
Diorio et al [2] has been fitted to our experimental 
measurements of injected currents for a test cell fabricated 
in the 0.5-micron, standard CMOS MOSIS technology. A 
method for measuring the injection current was also 
provided.  
 
   As shown in this work, the main result through the LM 
curve fitting is to provide a circuit macro model suitable for 
transient simulation of the hot electron injection 
phenomenon, in particular for the low-cost 0.5-micron, 
standard CMOS technology. The ability to design and 
simulate floating gate programming cells for 0.5-micron 
CMOS technology using the proposed fit would also be a 
valuable advantage [6]. 
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