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It is reported a continuous-time neural network in CMOS that uses memristors. These nanodevices are
used to achieve some analog functions such as constant current sourcing, decaying term emulation, and
resistive connection; all of them representing parameters of the neural network. The expected dynamics
of this silicon circuit with these functional memristors is demonstrated via SPICE simulations based on
0.5um, n-well CMOS technology. The neural circuit is operative by finding the optimal solution of small-
size combinatorial optimization problems, namely: “Assignment” and “Transportation”. It was chosen fast
switching titanium dioxide memristors, which are modeled with nonlinear window functions and tunnel-
ing effect with the TEAM paradigm. This analog network belongs to an early recurrent model, which is
electrically redesigned to take into account memristive arrays but keeping its original convergence prop-
erties. The behavioral and electrical analysis is done via Simulink-SPICE simulation. The outcome VLSI
functional blocks combine both current and voltage to represent the variables in the recurrent model.

Continuous-time signal
Analog VLSI design
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1. Introduction

The nonlinear and dynamic i- v characteristics of the nanoscale
memory component or memristor were reported by HP Labs [1].
This electrical component was described earlier in the theoretical
work by Chua (see first reference in [1]). The memristor repre-
sents a modern focus of attention with various topic avenues: from
proposing its technology with different materials [2,3] to introduc-
ing it in parallel models of computing approaches with bases in
complex systems [4,5]. Furthermore, it is envisaged that the elec-
tronic design activity has potential possibilities of creating emerg-
ing analog and digital systems [6], where the memristor might
be introduced as an innovative element. In the academic context,
there are electronic designs oriented to demonstrate analog sys-
tems based on the Hopfield network configuration, where the tra-
ditional weighting resistive elements can be replaced by memris-
tors. This replacement can be implemented in standard electronic
technology. In this direction, works in [7,8]| deal with two demon-
strative prototypes: a 4-bit ADC converter and an associative mem-
ory. Taking in particular the Hopfield model as an optimizer, it can
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be analyzed according to the manner its energy or cost function is
stated. The efficiency to solve linear and nonlinear programming
problems [9] is an alternate issue in the study of the Hopfield
paradigm. Another recurrent neural network that works as an op-
timizer and becomes attractive for VLSI integration was presented
by Wang [10]. This neural model operates with single-valued resis-
tors with a lateral connectivity pattern among neurons.

In this paper, we solve two combinatorial optimization prob-
lems with the electrical recurrent network, working as an opti-
mizer, that was used by Wang, where memristors are utilized to
represent analog parameters, both static (permanent in time) and
dynamic (decaying in time).

We show standard continuous-time CMOS circuits in analog
neurons: unit-gain current amplifiers for computing integrals of
aggregated currents and inverters for sigmoid functions. The con-
nection between neurons is made with two-memristor arrays that
observe the sense of the current. Simulations of the electrical and
analytical response of the memristive network done both in Spice
and Simulink, provide numerical reference comparisons; they were
nearly similar.

The main topic in the electrical design in this work was con-
cerned with the change of value of the resistance in working mem-
ristors, i.e. when a current flows through. The objective of using
memristors was achieved in three manners: 1) Keeping the Off-
state resistance, i.e. a constant-value reference current was im-
plemented by setting a particular analog voltage at the memris-
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tors terminals, 2) Combining both Off and On-state resistances in a
group of memristors, i.e. a dynamic decaying current source with a
predetermined peak value was obtained and, 3) Selecting dynami-
cally one of two memristors, i.e. a constant-value bidirectional re-
sistor was emulated.

2. The memristor and its model for circuit design

At present, the memristor is modeled with high-performance
software, reproducing its nonlinear and frequency dependence
when continuous-time signals are applied to its two terminals. The
suitable electrical relation in circuit design is i-v; for the memris-
tor, it comes from observing the Constitutive Relation [11]; it is
reproduced in (1), where ¢ is the magnetic flux and q is the elec-
trical charge.

fu(®.q)=0 (1)
Using (1) the memristance or R(q) is defined in (2). Therefore,
the i- v function of the memristor is defined in (3).

R(q) = %}” @)

v=R(q)i 3)

The main feature that is drawn from (3) is shown when i=0 at
time ty, then the memristor stores charge and memorizes the last
memristance value, e.g. R= R (q at tp). A generalization of (2) and
(3) supports circuit-theoretic properties of the memristor, which
are expressed by (4) and (5). Where, ¥ = (x1, X2, ...Xn) represents
a state-variable vector.

v=R(x,1) (4)
dx .
Pt AC)) (5)

Both (4) and (5) have minimal representation by reducing x to a
scalar-variable x; the common case is when x measures the relative
position of a frontier between two adjacent and variable resistive
regions in the fabricated nanomaterial. In principle, a low resistiv-
ity region that contains moving oxygen vacancies can displace into
the other region of high resistivity due to the flow of current in
the memristor. Whether w is the width of the region with oxygen
vacancies and D is the width of the memristor, the state-variable
is given by x = w/D.

Most memristor models approach the i-v function observing a
nonlinear ion drift behavior [12] and tunneling [13] as dominant
conduction mechanisms. They might provide numerical means of
the charge-kinetics identification in nanometric materials. How-
ever, computation effective features are preferred in memristive
circuit design; the TEAM model itself is suitable [14]. In TEAM, x
is introduced by modeling dx/dt. This expression is given in (6) re-
placing w/D by its complement i.e. x =1 —w/D or x = d/D. Where,
d = D —w, is the effective width of the tunneling gap.

. Qoff
koff<ll.(;; — ) foff(X), 0< ioff <i (Ga)
dx ° . .
huskd , fon <1 < loff (6b)
dt o
i(t " .
Kon <1() — ) fon (), i<im<0 (6¢)
on

In (6), ko, kon, Qof; ton, fon and igare parameters that fit the
model with experimental data. Finally, the i- v relation is nonlinear
in x according to (7).

U(t) = Roye /o= =) ) (7)

Ron and Ropr are the resistances at x==Xop and x =X, respec-
tively, and A = In(Rorr/Ron). The TEAM model was introduced in

Ron < Ry < Rppp

Fig. 1. Memristive states before (left, Roy < Ry < Rorr) and after (right, Ry, =Ron or
Ry =Rorr) due to flow of current. This simple procedure sets the values Roy or Rogr
in memristors used in the recursive neural network in this work.

the circuit design community and oriented to fast digital systems.
These characteristics are useful in the recurrent neural network as
can be appreciated further.

3. Memristance for design

The static and dynamic states of the memristor with fast
switching features, support the neural network design in this work.
The static states are either Roy or Ropr whereas the dynamic
states are characterized by dx/dt as a changing resistance. Roy and
Roprare available when the current does not change the direction;
therefore, the signal voltage polarity at the memristor terminals
should be kept during the analog process. In Fig. 1, the initial
resistive states are within the interval Rgy < Ry < Rorr (on the
left) and the ending states after flowing the current I, through
the memristor (on the right); where Ry is the resistance value
of the memristor. For the changing resistance case, when dx/dt is
not zero, we take advantage proposing a parallel-series configura-
tion that is suitable to emulate a transient current, whose initial
or peak value Iys can represent a parameter of the neural network
namely, A¢; jexp(—t/T) which is introduced later. Fig. 2 presents a
conceptual diagram of this configuration, where the analog differ-
ential potential (V+)-(V—) starts to change from zero to Vy, at time
Tstarr- Vi is an analog voltage that should be found to reach the
initial or peak current Iys. Before this transient occurs, the series
memristors are in the On-state resistance and the parallel ones in
the Off-state resistance. The current through the series memristors
causes a change in their individual resistance towards the value
Rofr, decreasing I, down to Iy Although there are reported an-
alytical expressions that would approximate the transient current
Im, see for example [15], we use the TEAM model to observe that
I;m decays from Iy;s toward Iy This transient characteristic replaces
that one originally described by a discharging capacitor through a
resistor in the electrical neural model [10]. Using Ohm$ Law and
considering that there are Sy, series memristors and Py parallel
memristors in Fig. 2, the initial (or Peak) and final currents Iys and
Iyr are given by (8) and (9), respectively.

Iys = ——M
" R + )

(8)
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V+

(v+)-(v)
Vy |—— —
Tsmarr Time
Im
Iys | ———
Rorr
Y I
Torarr Time

Fig. 2. Transient current in a memristive array. Using Sy, series memristors con-
nected with Sp parallel memristors, whose initial memristance is set at Roy and
Rorr, Tespectively, can emulate a decaying current I, when a voltage step is applied
at time Tgpagrr. The peak current Iy is established according to (8). The final current
Iyr approaches the value in (9).

Iyr = ( Yu (9)

RorrSm + Rﬁﬁ)

Changing the number of series or parallel memristors and fix-
ing the voltage difference (V+)-(V-), we can find V), that satisfies
the condition I;; = Ijs. Finally, as a design constraint, we should ob-
serve that (V4 )-(V-) is limited to an interval.

4. Recurrent neural network

The supporting theory refers to an analog neural network
model with n neurons, where the reference neuron N; recurrently
connects the other ones through weighting factors W; ; and whose
dynamics ends up solving linear programming problems. The net-
work configuration of this model is built with neurons arranged
as a vector, where W, ;with i, j=1, 2,...n can be represented by
a symmetric matrix W as shown in Fig. 3. There exists a self-
connection, whose weighting factor is W; ;. Using the interme-
diate variable z;, the state variable u; relates with v; according
to (10) and (11), with i=1, 2,.... Therefore, neuron N; integrates
du; = z;dt, where u;is the argument of a sigmoid function as de-
noted in (12) to provide v;. B is a gain factor.

du,'
Zj = ar (10)
Z; =U1‘/V,'J +v2\A/i,2+..,vj\/\/i_j+...vnV\/,‘_n (11)
1
Vi=—"———— 12
1 (_l + e*ﬁui) ( )

In particular, for a linear programming problem, whose state-
ment is

Minimize: f(v) = cTv

Subject to: Av=h

The matrix W in the recurrent neural network is defined by
(13) [16], where 7 is a positive scalar parameter.

W= _nA'A (13)

Multiplier

Fig. 3. Neuron N; for vector array. The input analog signals: vy, vy, ..., v, are multi-
plied by weighting factors: W;q, W;,, ..., W, where they are real numbers. Neuron
N; performs an addition, a temporal integration and a nonlinear transformation.

The entries of A are the coefficients of the linear equations that
establish the problem. Additionally, ¢ and b are column vectors of
parameters; v is a column vector of the decision variable. The con-
straint equation might include slack variables where {b, ¢ and v} €
R™,

In this case, u; and v; are the entries of the column vectors u
and v respectively, and they are related according to the state Eq.
(14). At the steady state, i.e. du/dt=0, v presents the solution.

Zit' =Wv+nA"b — ¢ (0)e~ (14)

In (14), the column vector ¢ decays in time due to
&(0)exp(—t/t); where, £(0) and t are the initial (or peak) value
and the time constant, respectively.

Wang [16] demonstrated the stability and convergence to near
optimal solutions of the recurrent neural network described by the
set of equations in (14), which are suitable for circuit implementa-
tion in VLSI design. Wang also established a methodology of elec-
trical networks with similar convergence properties in the case of
combinatorial optimization problems [10], leading to a matrix of n
byn neurons i.e. organized in n rows by n columns. The new net-
work configuration uses neuron, as shown in Fig. 4, in a matrix
array, where the factor Q is equal to -1 if k=i or [= j, otherwise
Q is zero. This factor establishes connections with neurons in the
same column and row of the reference neuron N;j. There are only
lateral inhibitory connections, all of them having the same value
-W,, also there exists a self-connection whose weighting factor is
-2Wj.

The individual state equations that formulate the “Assignment”
problem [17] are given by (15) and (16), where k and [ are columns
and rows counters, respectively.

du; ; L - —t
d;l =-nY Vik—n Y V;+2n - A et (15)
k=1 =1
1
o= 16
1/1,] (] i e‘ﬂ“i,j) ( )

In (15), the term -7 that multiplies the summations is the in-
hibitory weighting factor in the lateral connections; 2n represents
a threshold; ¢; ; belongs to the set of costs in a problem, and de-
cays in time due to exp(—t/t) and A which is a constant. Accord-
ing to our experimental results, it is convenient to replace (16) by
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Multiplier

Fig. 4. Neuron N;; for matrix array. The input analog signals: v;1, Vi 2, ..., Van are
multiplied by weighting factors: QWy, QW,, ..., QW,, where, Q € {0, —1} obeys to
a lateral connection rule and W is a real positive number. Neuron N;; performs an
addition, a temporal integration and a nonlinear transformation.

VDD
Iset 16,
() (3)
— —
NI \
Ic;;
)
\

Wy, Ry/P W,

O | Vref In Out Vuij In Out D’J
| I—

W /P Iz;—> | Current Iz; | Inverting
1,2 of Amplifier \L Sigmoid
b Fancton

|
. Ry/P | Cnr
Wy | Vref
|
5 |
an,n-l ® R,/P |
Wy, Ry/P

Fig. 5. Electrical configuration of neuron N;; for matrix array. This system has in-
terconnection resistors Ro/P, where P € {0, 1} obeys to a lateral connection rule. The
current amplifier adds the arriving currents at the input node with constant volt-
age Vref to create Iz;;. It is copied and integrated by capacitor vy to produce Vu;j.
Finally, Vu;; is transformed by the inverting sigmoid function to provide the output
voltage Vv;;.

the inverting sigmoid, which is defined in Eq. (17).

1
Vij=-— (1 n e*ﬂ“hi) (17)

We remark that ¢; ; and 27 are the entries of new matrices: €
and 0, respectively. ¢; ; and 25 electrically use memristors to en-
code “Assignment” and “Transportation” problems, treated below
as demonstrative applications.

5. Electrical configuration of the neuron

In this section, we show the analog components that build
the recurrent neural network, which solves the “Assignment” and
“Transportation” problems. In Fig. 5 are shown the processing com-
ponents in terms of voltage and current variables for the reference
neuron N;; shown in Fig. 4. The weighting factors W, are taken
as conductances proportional to 1/Ry, where the set of resistors
whose individual value Ry provides a current that is summed along

Table 1
Electrical and model parameters.

19;; 27 Parameter, constant

Ic; j Ac;, je%' Parameter, decaying

with Iset, I6; ; and I¢; ; to form the current Iz; ;. This analog vari-
able is entered to the current amplifier with unitary gain, which
outputs a replica of Iz; ; to the capacitor Cjyy. This capacitor works
as an integrator of Iz; ; in order to obtain the voltage Vu; ;. The in-
verting sigmoid function reads Vu; ; to produce Vv; ;. The current
amplifier also copies the voltage Vref to its input.

Below is the analytical description of this electrical system that
leads to a differential equation that is equivalent to (15), consid-
ering that the existing connections are those that fulfill the condi-
tion: P is equal to 1 if k=j or =i (otherwise, P=0 and, there is
no connection).

Applying Kirchhoff§ Current Law at the input of the current am-
plifier, Iz; ; is expressed as

n

Izij = R > (Vv —Vref) +Icij — 16; j + Iset (18)
Lk=1
1 < 2nVre
IZ,“]' = R—O Z Vo — T}f + IC,‘J' - 19,',]‘ + Iset (19)
Lk=1

The term —(2nVref) /Ry acts as a bias voltage. Its effect can be
reduced to zero by setting Iset to

Iset = M (20)
Ro
Thus, (19) is simplified to
.1 n
IZ,',]' = Ri() Z Vvl,k +IC,'_]‘ — 19” (21)

Lk=1

We should note that the summation in (21) contains a self-
connection, whose value is 2/R.

The next expression after (21) is (22). Where, Cjyr is the capac-
itor that integratesIz; ; to produce Vu; ;.

dvu;; 1 |1 ¢ 1 ¢
b Rfo ZVvi,k + Rio ZVV” + IC,‘J' — 19,‘_]‘ (22)
k=1 =1

dt ~ Cwr

(22) is equivalent to (15) but with converse signs on the terms
of the right hand side to be taken into consideration with the in-
verting sigmoid function. Table 1 relates electrical and model pa-
rameters.

The analog input currentsl6; ;and I¢; ; are the entries of the
matrices 6 and C, respectively that represent the combinatorial op-
timization problems in this work.

6. Analog CMOS circuits

We have chosen a low cost standard 0.5 pm, n-well, CMOS tech-
nology to design the analog neural network circuits, that were sim-
ulated as 3-by-3 matrices of neurons. The power supply VDD is 5V.
The BSIM3v3 MOSFET model electrical parameters of this CMOS
technology are provided by ON-Semiconductor to run on the IC-
Nanometer Suite by Mentor.

The CMOS circuits that form the Current Amplifier and the In-
verting Sigmoid Function are shown in Figs. 6 and 7a, respectively.
The W/L ratio of the transistors is shown as pm/um (this nomen-
clature applies for all the electrical diagrams). This Current Ampli-
fier is useful for signal processing applications in current-mode de-
signs [18]. It works following the translinear principle of the loop
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VDD VDD VDD VDD VDD
30/5.1 30/5.1 ﬂ 30/5.1 301] Eo//[.z
Sl 17
15/5.1 15/51
Iz, Iz,
M1 M2 -
0
so51] M3 M4 3051 | Vref

L

Fig. 6. Current amplifier. This is a current mode analog amplifier designed for uni-
tary gain, where the input current Iz;; on the left, is provided as a copy on the
right.

formed by transistors M1, M2, M3 and M4 transferring Vref to the
input. It has unitary gain. Vref=VDD/2 was chosen. Fig. 7a is a
push-pull analog amplifier, whose gain and DC transfer function
are set by the transistors size, approximating the inverting non-
linear sigmoid function in (17) and shifting to the first quadrant.
Fig. 7b presents Vv; jversus Vu; ; of the push pull amplifier, where
the gain at Vv; ;=VDD/2 is moderate.

7. Memristive components

The TEAM model was implemented with Verilog-A instruc-
tions [19]. They were run on the IC-Nanometer Suite by Men-
tor. Table 2 presents the values of the parameters used in the
simulations of the recurrent neural networks. These values cor-
respond to the memristors used whose technology is oriented to
fast digital electronics [20]. Using the values in Table 2 and the
setup in Fig. 8a, the obtained simulated response is shown in
Fig. 8b, where the frequency of the sinusoidal signal covers the
range: 1 MHz <f<3 MHz. Fig. 8c shows applied voltage V;;, mem-
ristive current I, effective width d and memristance R); (from

N VDD

204/2.4
Vuy O Wi«
—— —0
24/2.4

V

Table 2

TEAM parameters used in simulations.
Parameters Values
dt 1x10° s
Ron 1 x 10° ohm
Rorr 500 x 0 ohm
ioff 50x 1012 A
ion —50x 1072 A
We 107 x 1012 m
Aon 0m
oy 3x10° m
kon —1x108m/s
kg 1x 108 m/s
Qon 1
Uoff 1
Xon 0m
Xoff 3x10°m

top to down) for 1MHz, 2MHz and 3MHz. In Table 2, doing
dt=1x10"9s allows saving computation time. We simulated lots
of networks setting their individual integrating capacitors Cjyrat
initial conditions of combinatorial cases of either OV or 5V and
choosing the best solution.

In Fig. 5, the set of resistors, whose number by neuron is
2(n—1) + 2, is composed by memristors with a resistive value:
Ry = Ropr namely, in the Off-state resistance. This condition de-
mands that the sense of the flowing current never changes, what-
ever its magnitude is; however, we note that the sense of the sig-
nal current flow in any memristor might change. Fig. 9 depicts
the actual memristive circuit that emulates a constant Rogr for the
reference connection between Vv,  and Vref. There, two memris-
tors are selected by a “comparator”, which is formed by a chain
of 4 digital inverters, whose threshold is Vref by design. Memris-
tors MEMR1 and MEMR2 work always in the Off-state resistance.
They are selected alternatively when Vv; ;> Vref and Vv, < Vref, by
the transmission gates TG1 and TG2, respectively. TG1 and TG2 are
operated by opposite logic levels due to Va and Vb.

Both Iset and I6; ; provide constant currents and have similar
circuit configuration, which also uses memristors in the Off-state
resistance. Figs. 10 and 11 show the implementation of the circuits
for Iset/2 and 10; ; respectively, where the difference VDD - Vref

b s

Vuij(V)

Fig. 7. a. Inverting sigmoid function. This is a push-pull CMOS amplifier that approximates (17). b. Simulation in DC of the inverting sigmoid function.
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3MHz |

Current (A)
o

1MHz  2MHz
-

-2

3 \ \ \
-1 -0.5 0 0.5 1

Voltage (V)

c
= ——V-1MHz
E; - - -V-2MHz
g v V-3MHz
2
——-IMHz
- - - |-2MHz

I-3MHz

Current (A)

——d-1IMHz
= = ==d-2MHz
g e d-3MHz
=
Memr.-1MHz
= = =Memr.-2MHz

~Memr.-3MHz

Memristance (V/A)

Time (s) %1078

Fig. 8. a. Setup for simulating the i- v characteristic of the memristor. b. Simulation of the i- v characteristic of the memristor with frequency as parameter. c. Simulation as
function of time. Top to down graphs: Applied sinusoidal voltage Vi, Current I,, Effective width d, Memristance Rp,.
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VDD VDD VDD VDD
11.4/0.6 11.4/0.6 11.4/0.6 Vb 11.4/0.6 Va
Wy ?
O
4.5/0.6 45/06 4.5/0.6 4.5/0.6
"
TG1 @ 12/06
MEMR1 R
OFF
VDD @_
I —>
&‘ 6/0.6 m
WLk Vref
0— Vb —0O

1.2/0.6

=
)

VDD
l 6/0.6

Va

R,
MEmR2  OFF

TG2

f

Fig. 9. Circuit for emulating the resistive connection Ry =Ror between neurons.
Upper diagram: The chain of 4 digital inverters acts as a comparator to the ana-
log voltage Vv;,. The logic threshold of each inverter is set to Vref by design. Lower
diagram: Switched paths between Vv, and Vref due to transmission gates TG1 and
TG2 that avoid change of sense of current in MEMR1 and MEMR2 and keep them
at Rorr. The digital voltages Va and Vb for controlling TG1 and TG2 come from the
comparator (chain of 4 inverters).

takes part of the design. This memristive strategy reduces active
electronics to a minimal and gets a high output resistance. Based
on the electrical simulation, Vg1 and Vg2 are determined for spe-
cific DC currents of Iset/2 and I0; j, which are shown in Fig. 12a

a
x107°
25 I T T T
2_ B
51.5— 7
~
N
3
1- <
05 b
0 1 1 L L
0 1 2 3 4 5

Vg1 (V)

VDD

VDD
Rorr E
@) Iset/2
F}-EI Vg1
m]
12/1.2
Vref
[m]
Vref

Fig. 10. Current source Iset/2. It is implemented using 5 parallel memristors in the
Rofr state in series with a p-channel MOS transistor. The analog voltage Vg1 sets the
current.

Vref
m]

Vref
|

}—G Vg2

12/1.2
V

Fig. 11. Current source I6;;. It is implemented using 5 parallel memristors in the
Rogr state in series with an n-channel MOS transistor. The analog voltage Vg2 sets
the current.

Oy

ROFI-'

b

x107°

25

195 (A)

0.5

Vg2 (V)

Fig. 12. a. Simulation in DC of Iset/2 versus Vgl. The useful linear characteristic is in 1.7V < Vg1 <3.85V for 1.0 pA <Iset/2 <23.0nA, where the circuit in Fig. 10 works
properly. b. Simulation in DC of 16;; versus Vg2. The useful linear characteristic is in 1.0V < Vg2 <3.70V for 1.0 nA <1I6;; <23.0 pA, where the circuit in Fig. 11 works properly.
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Fig. 13. a. Simulation in DC of Iset/2 versus Vref, with Vg1 as parameter. It is chosen Vg1=2.5V for Iset/2=15 pA and Vref=2.5V. These values are used in the neural
network. b. Simulation in DC of I0;; versus Vref, with Vg2 as parameter. Vg2 should be chosen in the interval 0.8V <Vg2 <3.5V to be inside the interval 0 pA <16;; <20 pA.
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Fig. 14. Current source Ic;;. It is implemented using 5 parallel memristors in the
Ropr state in series with 5 series memristors in the Roy state and a p-channel MOS
transistor. The analog voltage Vg3 sets the peak current.
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and b, respectively. Fig. 13a and b provides evidence that both
current sources have high output resistance at the working volt-
age Vref=2.5V. Fig. 14 refers to the circuit configuration of Ic; j,
which emulates a decaying current and replaces Ac; jexp(—t/t) in
the model presented by Wang. Although there is a series transistor,
and (9) predicts a lower final current Iy, its decaying characteris-
tic is still suitable. The analog voltage Vg3 sets the initial ampli-
tude of the current or the peak current; this value is determined
using (8), where Vy; =V),(Vg3) and Sy; =5, Py;=5. The I-V DC char-
acteristic is drawn in Fig. 15a. Whether the values 2 pA, 4 pA,
6pA and 10 pA are chosen as the peak currents, the correspond-
ing values of Vg3 are 3.74V, 3.48V, 3.24V, 3.00V and 2.76V. The
transient outcome, with these peak currents is shown in Fig. 15b.
In the circuits that approach the currents Iset/2, 16; ; and I¢; j the
source terminal of the series transistor sets the voltage across the
corresponding memristive array following to Vg1, Vg2 and Vg3, re-
spectively. At this point, Fig. 10 deserves noting that it is designed
for Iset/2due to functionality reason namely, the series p-MOS
transistor works properly. The actual current source Iset is imple-
mented by two parallel circuits providing a current equals to Iset/2
each.

b
] 108
—0—Vg3=3.74V
——Vg3 =348V
o.80 —5—Vg3 =324V
—8—Vg3=3.00V
06%R. % —0—Vg3=2.76V

Time (s)

Fig. 15. a. Simulation in DC of Ic;; versus Vg3. The peak current Ic;; can be set in the interval 1.0 uA < Icj; <20 pA corresponding to the interval 1.5V < Vg3 <3.9V, where
the circuit in Fig. 14 works properly. b. Simulation of Ic;;. The peak current is set with Vg3. From Fig. 15a, the values: Ic;;=10 pA, 8 pA, 6 pA, 4 pA, and 2 pA are set using

Vg3=2.76V, 3.0V, 3.24V, 3.48V and 3.74V, respectively.
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Table 3-A

Numerical costs and electrical currents.
Neuron (ij) Netwkl  Netwk2  Netwk3  Netwkl Netwk2  Netwk3

Gij Gij Gij Icij Icij Icij

(1, 1) 7 1 8 7.77 11 8.88
(1,2) 6 7 6 6.66 7.77 6.66
(1,3) 8 3 1 8.88 333 11
2,1) 9 6 4 9.99 6.66 4.44
2,2) 4 5 3 444 5.55 333
(2,3) 3 4 5 3.33 444 5.55
3, 1) 5 4 5 5.55 4.44 5.55
(3,2) 8 6 2 8.88 6.66 2.22
(3,3) 6 9 9 6.66 9.99 9.99

Table 3-B

Analog and numerical solutions.
Neuron (ij)  Analog solution V.;; Numerical solution

Netwk1 Netwk2  Netwk3  Netwkl Netwk2  Netwk3

(1, 1) 0.58382  4.22076  0.03629 0 1 0
(1,2) 3.97953 0.01529  0.01471 1 0 0
(1,3) 031686  0.60430 4.74946 0 0 1
2,1) 0.02195 0.01533  4.04663 0 0 1
2,2) 0.71387  0.79085 0.81807 O 0 0
2,3) 417154  4.07552 0.01708 1 1 0
3, 1) 430346 059964 0.81689 1 0 0
(3,2) 0.19650  4.08336  4.02668 0 1 1
(3,3) 0.32928 0.22205 0.01484 0 0 0

8. Analog solution of the “Assignment” problem

In this section, we present the solution of “Assignment” prob-
lems using the memristive recurrent neural network. Considering
Fig. 5 for a 3-by-3 system of neurons, Eq. (20) evaluated for
Vref=VDD/2=2.5V, Ry = Ropr =500 x 103 Ohm, which is imple-
mented with the circuit configuration of Fig. 10, leads to a value
of Iset=30 pA. The value of the integrating capacitor Cjyy is 2.3 pF,
which is proposed as 1.0 pF by design in parallel with 1.3 pF due to
the gate capacitances of the inverting sigmoid function. The value
of the threshold current source I0; ; is constant and the same for
all neurons, which is established as I6; ;=20 pA. In Table 3-A are
shown the numerical costs and their respective electrical currents
Ic;; in pA of 3 *“Assignment” problems identified as Netwkl,
Netwk2 and Netwk3. Table 3-B shows their analog solution in
volts along with the expected numerical solution. Fig. 16a, b and ¢
presents the electrical traces Vv; ; of Netwk1, Netwk2 and Netwk3
based on the SPICE simulations. Comparing the analog solution
with the numerical solution, we observe that both are equal,
considering that if Vv; ; is nearly 5V or 0V, it is read as “1” or
“0”, respectively. Appendix A presents an algebraic analysis of the
“Assignment” problem for completeness.

9. Analog solution of the “Transportation” problem

In this section, we present the solution of “Transportation”
problems using the memristive recurrent neural network. Con-
sidering Fig. 5 for a 3-by-3 system of neurons, Eq. (20) evaluated
for Vref=VDD/2=2.5V, Ry = Rorr =500 x 103 Ohm, which is
implemented with the circuit configuration of Fig. 10, leads to a
value of Iset=30 pA. The value of the integrating capacitor Ciyr is
2.3 pF, which is proposed as 1.0 pF by design in parallel with 1.3 pF
due to the gate capacitances of the inverting sigmoid function. In
Table 4-A are shown the numerical costs, and the offer and de-
mand values of 3 “transportation” problems, identified as Netwk4,
Netwk5 and Netwk6. Table 4-B presents the current in pA of the
corresponding values of Table 4-A. IG; ;, 1a;, and Ib; are calculated

[
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Fig. 16. a. Simulation of Netwk1. b. Simulation of Netwk2. c. Simulation of Netwk3.

Table 4-A
Numerical costs, and offer and demand values.

Neuron (i,j) Netwk4 Netwk5 Netwk6

CiJ’ a; bj C,' i a; bj CU a; b]
(1, 1) 7 40 25 7 70 50 8 40 30
(1,2) 6 40 35 4 70 80 6 40 80
(1,3) 8 40 60 15 70 45 1 40 10
2,1) 9 50 25 1 90 50 4 60 30
2,2) 4 50 35 19 90 80 3 60 80
(2,3) 3 50 60 2 90 45 5 60 10
(3,1) 5 30 25 3 5 50 5 20 30
(3,2) 8 30 35 12 15 80 2 20 80
3,3) 6 30 60 10 15 45 9 20 10
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Table 4-B
Electrical currents.
Neuron (ij)  Netwk4 Netwk5 Netwk6
&; I Ib; Ip 16 1G; Ib; Iy &; 14 Ib; Iy
1,1) 777 666 416 1082 3684 777 555 13.32 888 500 375 8750
1,2) 666 666 583 1249 2105 777 888 1665 666 500 100  15.00
1, 3) 888 666 100 1666 7894 777 500 1277 111 500 125 6250
(2,1) 999 833 416 1249 0526 100 555 1555 444 750 375 1125
(2,2) 444 833 583 1416 1000 100 888 1883 333 750 100 1750
(2, 3) 333 833 100 1833 1052 100 500 1500 555 750 125  8.750
(3,1) 555 500 416 916 1578 166 555 7210 555 250 375 6250
(3,2) 888 500 583 1083 6315 166 88 1054 222 250 100 12.50
(3,3) 666 500 100 1500 5263 166 500 6660 999 250 125  3.750
Table 4-C log computing cycle begins. Naming Tsgr as the setting period,
Analog solution. Tser should be long enough to change in parallel some mem-
Neuron (i) Netwk4 Netwk5 Netwk6 ristors from Rpy to Ropr and the other ones conversely. From
vij (V) vij (V) vij (V) simulations, the smallest value of the computing cycle time is
1, 1) 0.40308 0.01490 0.45477 Tprocess =8.0 ps. Also, from simulations Tsgr > 650ns. Defining
(1,2) 2.65081 3.85953 1.29839 P:]OO%X(TPROCESS_TSET)/(TPROCESS) as a Performance Figure of
8 3)) 8-2)71311574 ggé‘gg ?.16;41;3 Merit and using the above numbers, we get P=91%. Therefore, this
2 2) s 0.01464 2.51945 analog system supports an acceptable performance.
(2,3) 408842 2.56797 0.01481
(3,1) 1.58085 0.30123 0.12369 11. Conclusions
(3,2) 0.15685 0.47318 110332
(3.3) 0.66717 0.01460 0.01473 . . o
This paper was motivated by the availability of advanced mem-
ristor models for circuit design, in particular the TEAM model. The
_ _ studied neural network was originally modeled by its author us-
as: I¢; j=(c;j/max(c;;))(10pA), 1a;=(a;/max(a;, b;))(10pA) and, & y y

Ibj = (bj/max(a;, b;))(10 pA).

16 comes from adding Ia; and Il_Jj. Table 4-C is the analog solu-
tion v; ;in volts from simulations. In Table 4-D v; ;is calculated by
v j=(v; jin Volts/(5 volts))(max(a;,b;)). The offer ¢; and demand
b; values in Table 4-D are computed as a;=X v; ; with j=123
and b;=X v; ; with i=1,2,3. Additionally, the total cost of Netw4,
Netwk5 and Netwk6 are calculated as X (¢; ;)(v; ;) with i, j=1,2,3.
In Table 4-E are shown the values from numerical simulations
with Simulink, where v; ;=(v; ; in Simulink)(5 volts)(max(a;, b;)).
Fig. 17a, b and c presents the electrical traces Vv; jof Netwk4,
Netwk5, and Netwk6 respectively, based on SPICE simulations.
The total costs by the memristive neural networks in Table 4-
D are lower than those by the numerical solution in Table 4-E.
Appendix B presents an algebraic analysis of the “Transportation”
problem for completeness.

10. Comment on performance
The starting random state value of the memristors deserves a

comment on the performance of the whole system. Setting ev-
ery memristor at Roy or Ropr should be done before the ana-

ing one-value resistive components and decaying currents, leading
to linear resistors and discharging capacitors for its implementa-
tion; in contrast, we have proposed memristive/CMOS circuit con-
figurations that behave according to the analog parameters of the
neural network, solving in continuous-time mode the optimization
problems. For this goal, we have chosen electrical parameter val-
ues in the TEAM model that belong to fast switching memristors;
their dynamic characteristics are complementary of those used in
present analog designs, e.g. slow memristive Hopfield networks.
We observe that our electrical system represents an innovative sys-
tem, where new configuration circuits were introduced.

This work contributes in the VLSI design area by proposing the
use of memristors working in one of two memristances Rogr Or Rop.
This system sustains 3 features, namely: 1) It does not require any
programming electronics but flowing current in the direction in-
dicated in Fig. 1, where the proper polarity in the used memris-
tor is chosen. 2) Using Rogrsimplifies the implementation of the
current sources: Iset and I6;; namely, reduces transistor count and
avoids external analog bias voltages. Observing the model by Dr.
Wang given by (22), where the value of the resistive interconnec-
tions Ry is constant, it can be chosen as Rogr. 3) The parallel (Rogr)-
series (Roy) configuration presented in Fig. 14 is an original idea

Table 4-D

Analog solution.
Neuron (ij)  Netwk4 Netwk5 Netwk6

Vij a; b; Vij aj b; Vij aj b

(1, 1) 48370  38.712  23.981 0.2682  70.002 50.746  7.2763  38.312 28.215
(1,2) 31.809 38.712  33.866  69.471 70.002  78.752  20.774 38312 78.738
(1,3) 2.0660  38.712 59.133 0.2626  70.002  46.748 10.261 38.312 10.734
(2, 1) 0.1745 49410 23981 45.056  91.543 50.746 18.959  59.508  28.215
(2,2) 0.1745 49410 33.866 0.2635  91.543 78252 40311 59.508  78.738
(2, 3) 49.061 49410  59.133 45223  91.543 46.748  0.2370  59.508  10.734
(3, 1) 18.970 28.858  23.981 5.4221 14.202 50.546 19790 19.867  28.215
(3,2) 1.8822 28.858 33.866  8.5172 14.202 78252 17.653 19.867  78.738
(3,3) 8.0060 28.858  59.133 0.2628  14.202  46.748 02357  19.867 10.734

Total cost =548.641

Total cost=547.314

Total cost =438.397
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Table 4-E
Numerical solution.
Neuron  Netwk4 Netwk5 Netwk6
(i) Vij a; b; Vij a; b; Vij a; b;
(1,1) 37917 39946 24938 00000 69.930 49.945 01541 39767  29.773
1,2) 34899 39946 34971 69930 69930 79919 29763  39.767  79.803
1,3) 12559 39346  59.986  0.0000 69.930 44995 9.8503 39.767  10.158
2,1) 0.0000 49976 24938 44993 89991 49945 29465 59.947  29.773
(2,2) 00718 49976 34971 00000 89.991 79919 30327 59.947  79.803
(2,3) 49904 49976 59.986  44.995  89.991  44.995 01541 59947 10158
(3,1) 21146 29973 24938 49497 14939 49945 01541 20020 29.773
(3,2) 0.0000 29973 34971 99899 14939 79919 19712 20020  79.803
(3,3) 8.8268 29973 59986  0.0000 14.939 44995 01541  20.020 10.58
Total cost=>554.671 Total cost =549.428 Total cost =440.862
a of replacing a large capacitive and resistive element to represent
# the decaying term: Ac; jexp(—t/7) in (15), which is essential to set
S the parameters of the problem. Alternative ways of interconnecting
§ d T memristors different from the crossbar architecture, which leads to
cellular arrays, support the physical implementation of the analog
system in this paper.
Planning in robotics would be a problem for solving by this re-
s current neural network. A larger memristive system based on the
g model by Wang, working as optimizer, is possible by redesigning
= 1 the CMOS circuits already exposed.
0
3 d d T T ' L p— V1) Appendix A
= —V(32)
T 2f q V(33)
if \e T i The “Assignment” problem is a linear programming problem,
; whose description can be associated with the statement:
% o1 02z 03 o4 o5 06 o7 o8 os 1 “There is the need to assign available ‘resources’ to ‘agents’ to
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Fig. 17. a. Simulation of Netwk4. b. Simulation of Netwk5. c. Simulation of Netwk6.

perform a set of tasks at minimal cost”.
This problem is expressed as follows.

n n
Minimize z = " " c;jv;;

(A1)
i1 j=1

n

Subject to > v;j=1, i=1,....n (A.2)
=1

m

ZU,‘jZ], j:l,...,n

-1

vye {01}, ij=1.....m (A3)

where, ¢;; represents one element of the cost and v;; is the decision
variable.

In particular, we obtain the solution to the “Assignment” prob-
lem for a 3-by-3 system, using the recurrent neural network by
Wang [10]. The mathematical formulation of the supporting ana-
log neural network is

dui, t n n t
% = =1 Vie(t) =1 Y vij(6) +2n = Acije
k=1 =1

(A4)
vij = g(u; (1)) (A5)

where, n and A are constants. g(.) is a sigmoid function, providing
the solution is in the range[0, 1].

Egs. (A.1)-(A.3) for the case of a 3-by-3 system are now repre-
sented by:

303
Minimize z =" " ciju;
i1 j=1

(A6)

3
Subject to » wv;j=1, i=1,....3 (A7)

j=1
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3
duy=1,j=1,..3
i=1

vjel0, 1], i=1,...,3; j=1,...,3 (A.8)
Eqgs. (A.6)-(A.9) get a matrix form as follows

Minimize z = c"v (A.9)

Subject to Av="hb (A10)

Eq. (A.10) can be developed for the 3-by-3 system, to have

Un
V12
Vi3
U1
Minimize z = [c1y C12 €13 €21 C22 €23 €31 €32 C33] | U2
U3
V31
Uz
[ V33 |

(A11)

Eq. (A.11) uses matrix A and vector b as follows, also for the
3-by-3 system.

I I I
A= |:B1 B, B ] (A12)
1 0 0 1. 0 0 1 0 O
0O 1 0 0 1 0 O 1 O
0O 01 0 0O 1 0 0 1
A=11 1 1. 0 0 0 0 0 0 (A13)
0O 0 01 1 1 0 0 O
0O 0 0 0O OO 1T 1 1
1
1
1
b= 1 (A14)
1
1
Finally, the set of restrictions are expressed as
Av=>b (A15)
o
1 001 0010 0 l’j“ 1
01 0 01 0 0 1 0 v” 1
0 01 001 0 0 1 2 1
11100 00 0 0 522 =(1| (16
0 001 1 1 0 0 0 v23 1
0 0000 0 1 1 1 3 1
U3
L V33|
V11 + V21 + V31 =1 (A17)
Vip+Vn+V3n=1 (A18)
Vi3 + V3 + V33 =1 (A19)
v +vp vz =1 (A.20)
Vo1 +Up + V3 =1 (A21)
V31 + U +U33=1 (A22)
The set of differential Eq. (A.4) has its matrix form given as
du(t) _t
= —n(Wv - 6) — Ace = (A23)

The matrix of weights W is defined as

w=A"A (A24)
2 1 1 1 0 0 1 0 07
1 2 1 0 1 0 0 1 o0
1 1.2 0 0 1 0 0 1
1 0 0 2 1 1 1 0 O
W=/0 1 0 1 2 1 0 1 O (A.25)
o o0 1 1 1 2 0 0 1
1 0 0 1 0 O 2 1 1
o 1 0 0 1 0 1 2 1
10O 0 1.0 O 1 1 1 2]
The threshold matrix € is given as
0=ATb (A.26)
M 0 0 1 0 07
0 1 0 1 0 O 1
0O 0o 1 1 0 O 1
1 0 0 0 1 O 1
=0 1 0 0 1 O 1 (A.27)
0 01 0 1 O 1
1 0 0 0 0 1 1
0O 1 0 0 0 1
L0 0 1 0 0 1]
2
2
2
0 = 5 (A.28)
2
| 2

Replacing matrices Wy 6 in the below matrix form, where A is
defined as: 1/cmax, we get for the 3-by-3 system, the below alge-
braic analysis:

du(t) _

n n(Wv—0) — e+ (A.29)
2 1 1 1 0 0 1 0 07
121 01 00 1 0
11 2 0 0 1 0 0 1
100 2 1 1 1 0 0
d';(t ) pllo 1 001 2 1 0 1 0
t 001 11 2 0 0 1
100 1 00 2 1 1
01 0 0 1 0 1 2 1
o 01 0 0 1 1 1 2]
1] Cue_f
V12 2 C2€ v
V13 2 ClBe_f
U1 2 e 7
X |V | — 2 —A sze_g (A30)
V23 2 C23€7%
U3 2 cye T
V32 Csa€7
LV33_] _c3ge‘§ i
du t
dp = "2 = Wi+ Vi3) = (V2 +Us) + 27— ACne

(A31)
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du t
dt12 = 2112 — N(Vn +V13) — N(V22 + V32) + 21 — ACip€™ 7
(A32)
duqs -t
T =2nv13 — N1 + Vi2) — (V23 + U33) + 21 — ACrze™*
(A33)
duy; L
qr = T2V = (Va2 +V23) — (Vi + Vs1) + 20 — ACyre™s
(A.34)
duy; -L
= 22 =W+ Va3) = N(Vi2 +V32) + 21 = ACppe™+
(A35)
duys -
= 2V = n(War +Va) = 1(Vis + V33) + 20 — ACyze™~
(A36)
dus -L
= =203 — N(V32 +V33) — NV + V1) + 20 — ACxre7 "
(A37)
dus; -L
i = 232 =1V + V33) = N (Viz + V32) + 21) = ACxe
(A38)
duss -L
dr = 2Nz = n(Wst +Usz) = (Vs + V23) + 20 — ACgze™s

(A39)

Appendix B

The “Transportation” problem, also known as “Distribution”
problem is a linear programming problem, whose description can
be associated with the statement:

“There is the need to transport units from a site call ‘The
Source’ to other site called ‘The Destination’ minimizing the cost
of sending and at the same time satisfying offer and demand re-
strictions”.

This problem is expressed as follows.

g h
Minimize z = Z ZCUVU (Bl)
i=1 j=1
h
Subject to Y vj=a;, i=1,....g (B.2)
j=1
g
Zviijj, j:],...,h
i=1
U,']'ZO,i=1,...,g;j=l,...,h (B3)

where, ¢; represents one element of the cost and vj is the deci-
sion variable. There would be slack components in order to have a
square matrix of size n x n.

In particular, we obtain the solution to the “Transportation”
problem for a 3-by-3 system, using the recurrent neural network
by Wang [10] and following the method proposed in [21]. The
mathematical formulation of the supporting analog neural network
is

U;s n _ n _ t
% =—n ) Ug(t) —n Y Uy(t) + nbij — Acje "
I=1

k=1

(B.4)

where, n and A are constants. g(.) is a sigmoid function, providing
the solution is in the range|[0,1]; therefore, the values of a, by v
in Egs. (B.1)-(B.3) are also in this range.

Defining: q = max{a;, b; : i = 1, 2, 3} then, a new set of variables
is
v= qh,a=qayb=qb.

Using the new values of a y b, Equations (B.1)-(B.3) for the case
of a 3-by-3 system are now represented by

303
Minimize z =" " " c;;i;

(B.6)
i=1 j=1
3
Subject to Y ¥ =a;, i=1,...,3 (B.7)
j=1
3 -
> By=bj j=1,....3
i=1
vjel0, 1], i=1,...,3; j=1,...,3 (B.8)
Eqgs. (B.7)-(B.10) get a matrix form as follows
Minimize z = c"v (B.9)
Subject to Av=d (B.10)

Eq. (B.11) can be developed for the 3-by-3 system, to have
U117
V12
V13
Uy
Minimize Z=[cy1 €12 €13 €21 C22 €23 €31 C32 C33]| V22
U3
U3
U3y
[ 33 ]

(B.11)

Eq. (B.11) uses matrix A and vector d as follows, also for the
3-by-3 system

By By Bs
A= |1 1 1 (B.12)
0 0 0

(B.13)

>

Il
OOOOO'—‘OO—!
[eNeleel oo e
(el o NoNo e
[eNeNeleNel ol o]
[eNeNeNeleNol o]
[eNeNe e NoNol o]
[eleloleNell NS =]
oo oOoO~,O—~=OO0O
OO O—LOO0O—=O0OO0O

(B.14)

QU
Il
1T
O Ty
| I

(B.15)
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Finally, the offer and demand restrictions are expressed as

A —d (B.16)
11 1 0 0 0 0 0 0[] [&]
o 0 o 1 1 1 0 0 O V12 ap
o 0 0o 0o 00O 1T 1 1 V13 as
1 0 0 1. 0O 0 1 O O U1 131
01 00 1 0 0 1 0| |bp|=|b| B
o 01 0 O 1 0 0 1 V23 B]
0O 0 0 0 0O O O o0 o U3 0
0O 0o 0 0o O OO 0O O U3 0
0 00 00 0 0 0 o] Ltmsl o
U+ 0+ 03 =0 (B.18)
Uy + Vo + V3 =0y (B.19)
U314 U3 + V33 =03 (B.20)
Vi1 + Vo + 031 = 1_31 (B.21)
Vp+ U+ = Bz (B.22)
D13 + Ua3 + V33 = by (B.23)

The set of differential equation (B.4) has its matrix form given
as

du(t) - ot
T = —n (WD - 0) — Ace™~ (B.24)
The matrix of weights W is defined as
w=A'A (B.25)
2 1 1 1 0 0 1 0 07
1 2 1 0 1 0 0 1 O
11 2 0 0 1 0 0 1
1 0 0 2 1 1 1 0 O
w=(0 1 0 1 2 1 0 1 O (B.26)
o 1. o1 2 1 0 1 1
1 0 0 1 0 0 2 1 1
0o 1.0 01 0 1 2 1
|0 0 1.0 0 1 1 1 2]
The offer and demand limits are related by matrix € as
0=A"d (B.27)
T 0 0 1 0 0 0 0 07 [d]
1 0 0 0 1 0 0 O O a;
1 0 0 0O 0O 1 0 0 O as
0 1. o 1 0 0 0O O O by
=10 1 0 0 0 1 0O O O b, (B.28)
0O 1.0 01 0 0 0 O by
0O 0 1.1 0 0 0 O O 0
o 110 1 0 0 O O 0
10 0 1 0 0 1 0 O 0] |o
[a; + by ai+by d+bs
0=|a+ ?1 a, + 1_72 a, + 1_33 (B.29)
_6_13 + b] 63 + bz C_l3 + b3

Replacing matrices W'y @ in the below matrix form, where X is
defined as: 1/cmax, We get for the 3-by-3 system, the below alge-
braic analysis.

du(t)
a —

n(Wv - 6) — rce * (B.30)

2 1 1 1 0 0 1 0 07 [vn]
1 2 1 0 1 0 O 1 O V12
1 1. 2 0 O 1 0 0 1 V13
1 0 0 2 1 1 1 0 O VU1
d';(t)zf 01 0 1 2 1 0 1 0f]m
t 001 1 1 2 0 0 1| /|3
100 10 0 2 1 1|/|wy
o 1 0 0 1 0 1 2 1 V33
0 001 0 0 1 1 1 2] L]
_C_ll +l:71_ _C11€7%_
d] + ?2 Clzef%
a; + 1_73 C13€’§
6_11 + l_)l C21€7%
—|a + I_Jz —-A C22€7§ (B.31)
a + 1_73 C23€7?
a + by cne
a; + l_)z c3ze*f
_d1 + b3_ (3367
dll]] - - - - -
e =20y — N1z + V13) — (V21 +V31)
+n(d +by) — ACye~* (B.32)
dU12 _ — _ _ —
T =2nV1p — NV +U13) — NV + V32)
+n(ar +by) — ACppe™+ (B.33)
dU]3 _ _ _ _ _
T —2ni3 — Ny + V12) — N(V23 + V33)
+ 77(51 + 53) —ACize™ 7 (B.34)
du21 _ _ _ _ _
@ =200y — NV + V23) — (U + U31)
+n(@y +by) — ACye+ (B.35)
duZz _ _ _ _ _
T =21V — N(Va1 + V23) — N(V12 + U32)
+ T)(C_lz + 52) — )»sze‘$ (B.36)
du23 - - - - -
gr = 22z =0 +V22) = (V13 + Us3)
+n(@y +bs) — ACyze™+ (B.37)
CIU31 - - - - -
r = 2Mvs = (s +Vs3) = n(Un +Va)
+n(@3 +by) — ACyre~+ (B.38)
dll32 - - - - -
T =203 — N(V31 + V33) — N(V12 + V22)
+n(ds + by) — ACpe™+ (B.39)
dll33 - - - - -
9 - —2nV33 — N(V31 + V32) — N (V13 + V23)
+n(ds + bs) — ACsze™* (B.40)
References

[1] D.B. Strukov, G.S. Snider, D.R. Stewart, R.S. Williams, The missing memristor
found, Nature 453 (2008) 80-83.

[2] S.K. Tripathi, R. Kaur, M. Rani, Oxide nanomaterials and their applications as a
memristor, Solid State Phenom. 222 (2015) 67-97.


http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0002

G.M. Tornez Xavier et al./Neurocomputing 273 (2018) 281-295 295

[3] N.M. Muhammad, N. Duraisamy, K. Rahman, H.W. Dang, ]. Jo, K.H. Choi, Fabri-
cation of printed memory device having zinc-oxide active nano-layer and in-
vestigation of resistive switching, Curr. Appl. Phys 13 (2013) 90-96.

[4] Y.V. Pershin, M. Di Ventra, Memcomputing and swarm intelligence, https:
/[/arxiv.org/abs/1408.6741.

[5] A. Gelencsér, T. Podromakis, C. Toumazou, T. Roska, Biomimetic model of the
outer plexiform layer by incorporating memristive devices, Phys. Rev. E. 85
(2012) 041918-1-041918-10.

[6] S.P. Mohanty, Memristor: from basics to deployment, IEEE Potentials 32 (2013)
34-39.

[7] L. Gao, F. Merrikh-Bayat, F. Alibart, X. Guo, B.D. Hoskins, K.T. Cheng, D.B.
Strukov, Digital-to-analog and analog-to-digital conversion with metal oxide
memristors for ultra-low power computing, http://ieeexplore.ieee.org/stamp/
stamp.jsp?tp=&arnumber=6623031.

[8] S.G. Hu, Y. Liu, Z. Liu, T.P. Chen, JJ. Wang, Q. Yu, L]. Deng, Y. Yin, S. Hosaka,
Associative memory realized by a reconfigurable memristive Hopfield neural
network, Nat Commun. 6 (2015) 1-8.

[9] U.P. Wen, K.M. Lan, H.S. Shih, A review of Hopfield neural networks for solving
mathematical programming problems, Eur. ]. Oper. Res 198 (2009) 675-687.

[10] J. Wang, Analysis and design of an analog sorting network, IEEE Trans. Neural
Netw. 6 (4) (1995) 962-971.

[11] A. Adamatzky, L. Chua (Eds.), Memristor Networks, Springer, Switzerland, 2014,
pp. 1-13.

[12] T. Prodromakis, B.P. Peh, C. Papavassiliou, C. Toumazou, A versatile memris-
tor model with nonlinear dopant kinetics, IEEE Trans. Electron. Devices 58 (9)
(2011) 3099-3105.

[13] M.D. Pickett, D.B. Strukov, J.L. Borghetti, ]J.J. Yang, G.S. Snider, D.R. Stewart,
R.S. Williams, Switching dynamics in titanium dioxide memristive devices, J.
Appl. Phys 106 (2009) 0744508-1-0744508-6.

[14] S. Kvatinsky, E.G. Friedman, A. Kolodny, U.C. Weiser, TEAM: threshold adaptive
memristor model, IEEE Trans. Circuit Syst. 60 (1) (2013) 211-221.

[15] M.S. Feali, A. Ahmadi, Transient response characteristic of memristor circuits
and biological-like current spikes, Neural Comput. Appl. (2016), doi:10.1007/
s00521-016-2248-1.

[16] J. Wang, Analysis and design of a recurrent neural network for linear program-
ming, IEEE Trans. Circuit Syst. 40 (9) (1993) 613-618.

[17] J. Wang, Analogue neural network for solving the assignment problem, Elec-
tron. Lett. 28 (11) (1992) 1047-1050.

[18] G. Palmisano, G. Palumbo, S. Pennisi, CMOS Current Amplifiers, Springer, USA,
1999, pp. 45-48.

[19] S. Kvatinsky, K. Talisveyberg, D. Fliter, A. Kolodny, U. Weiser, E.G. Friedman,
Models of memristors for SPICE simulations, http://ieeexplore.ieee.org/stamp/
stamp.jsp?arnumber=6377081.

[20] S. Kvatinsky, N. Wald, G. Satat, A. Kolodny, U.C. Weiser, MRL memristor ratioed
logic, http://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=6331426.

[21] P.H. Siqueira, Application of Wang's recurrent neural network to solve the
transportation problem, Int. J. Comput. Sci. Netw. Secur. 12 (7) (2012) 50-54.

Gerardo Marcos Tornez Xavier. He is a doctoral student
in the Electrical Engineering Department of Cinvestav-IPN,
Mexico City, Mexico. He studies dynamical properties of
fundamental memristive circuits. His academic achieve-
ments include designing with FPGA a multilayer neural
network for predicting electrical response of solar mod-
ules.

Felipe Gomez Castaiieda. He is researcher at the Center
for Research and Advanced Studies of the IPN, Cinvestav-
IPN, Mexico City, Mexico. He teaches neuro-fuzzy systems
for digital realization with FPGA and analog VLSI design.
His areas of interests include metaheuristics and adap-
tive systems, memristive hardware, analog realization of
Sigma-Delta modulators.

Luis Martin Flores Nava. He is a lecturer at the Center for
Research and Advanced Studies of the IPN, Cinvestav-IPN,
Mexico City, Mexico. He teaches digital systems for real-
ization with FPGA. His areas of interests include robotic
vision systems and memristive hardware.

José Antonio Moreno Cadenas. He is professor at the
Center for Research and Advanced Studies of the IPN,
Cinvestav-IPN, Mexico City, Mexico. He teaches neuro-
fuzzy systems for digital realization and use in robotic
systems. His areas of interests include vision systems,
data mining for geographical data and analysis of com-
plex systems with fuzzy and neural networks.


http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0003
https://arxiv.org/abs/1408.6741
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0005
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0005
http://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=6623031
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0009
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0012
http://dx.doi.org/10.1007/s00521-016-2248-1
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0014
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0014
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0015
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0015
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0016
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0016
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0016
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0016
http://ieeexplore.ieee.org/stamp/stamp.jsp?arnumber=6377081
http://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=6331426
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0017
http://refhub.elsevier.com/S0925-2312(17)31355-3/sbref0017

	Memristive recurrent neural network
	1 Introduction
	2 The memristor and its model for circuit design
	3 Memristance for design
	4 Recurrent neural network
	5 Electrical configuration of the neuron
	6 Analog CMOS circuits
	7 Memristive components
	8 Analog solution of the “Assignment” problem
	9 Analog solution of the “Transportation” problem
	10 Comment on performance
	11 Conclusions
	 Appendix A
	 Appendix B
	 References


