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Abstract The Levenberg-Marquardt optimization
method is an iterative numerical technique that can be used to
deal with the problem of least squares curve fitting. In
particular, in this work it is used to fit the parameters involved
in a semi-empirical model of the pFGMOS describing the hot-
electron injection current. The injection current is a physical
mechanism by which the electrical charge on the floating gate
in pFGMOS transistors can be modified. This paper describes
the use of the Levenberg-Marquardt algorithm for processing
measurement data from an experimental pFGMOS cell
fabricated in 0.5-micron standard CMOS technology.

Keywords — Levenberg-Marquardt; curve fitting; FGMOS;
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I. INTRODUCTION

The Levenberg-Marquardt (LM) curve-fitting method
can be better understood as a combination of two other
optimization methods namely, the gradient descent (also
known as steepest descent) and the Gauss-Newton method.
It considers a set of measured data points, say m, and a
mathematical model with a set of n parameters or constants
to fit. There is no information a priori whether the
mathematical model is suitable to fit the experimental data
or the number of parameters used in the model is the best.
Nonetheless, the LM method can be used to validate the
proposed mathematical model by finding the values of the
parameters involved that best fit the measured data within
some acceptable error.

The model whose parameters will be optimized using the
LM method describes the injection of electrons flowing into
the floating gate of the p-channel Floating Gate MOS
Transistor (pFGMOS), see Fig. 1(b). This model has been
proposed in [2] according to the expression (1).

B
=1, = alsexp | — +yv 1
y inj Sexp ( (5+ng)2 Y sd> ( )
where:

Iin; — Electron injection current into the floating gate.

Is - Channel current in the pPFGMOS.

Vgq - Gate-Drain voltage difference.

Vsq - Source-Drain voltage difference.

a,B,y,8 - Parameters (or constants) to fit.
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Fig. 1 The pFGMOS transistor. (a) Simplified layout. (b) Cross
section, where curved blue lines represent the electron injection
current heading to the floating gate according to Eq. (1).

Fig. 1(a) illustrates a typical representative layout of a
pFGMOS structure from which the cross-sectional view in
Fig. 1(b) can be obtained; electrons generated by impact of
holes near the drain can gain energy enough to surpass the
thin SiO, energy barrier to be injected into the floating gate.

II. INJECTION MODEL FITTING USING THE LM METHOD

The injection model (1) can be conceived as a function of
a vector po = (a,B,¥,8) = (Do1,Poz2, P03, Pos) € R* of
parameters to optimize, so for the k-th measurement the
model predicts the value:

Poz 2+pogvsdk> 2)

(Poatvgark)

Y(ti; Po) = Po1lskexp (

where k=1,....m

The LM method considers a figure of merit function (error
function for short) that estimates the sum of squared
weighted differences between the m measured injection
currents y, and the values of the model to fit for an initial

guess of the parameter vector pg, according to:
2( ) _ lzm (J’k—J’(tk;PO))Z
XP) = 2e=1\"

(3)

where:

(2]
(2]
m



2013 10th International Conference on Electrical Engineering, Computing Science and Automatic Control (CCE)

Vi - 1is the k-th measured injection current.
wy, - s the k-th weight.

Or in vector notation:
2@ =5y = YO aWanemy = Y@t ()

vy, y(p) € RWvp € R"

where:
1 0 0
o 1 0
Woam = | /W222 | (5)
: : 1 :
| o 0 /wz |

Matrix (5) is a weighting squared diagonal matrix. The
weight values are proposed to be proportional to the mean
squared measurement error. The dimension of vectors and
matrices are explicitly indicated in their respective sub
indexes just for the sake of clarity.

The convergence of the algorithm can be observed through
the error value y?(p) which is expected to decrease with
each iterative step as better parameter values are found, as
can be observed in (3). If the gradient of this error, which is
as function of p, is estimated, the direction of the resulting
vector will give valuable information about the steepest
ascend.

Without loss of generality, for the j-th parameter the rate
of change of the error function can be depicted as:

2

1
X 2(p)=> o, {
=1

~ Y — Yt P’
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ap] Wi
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i( y(tk.p)> (y(tk.p)>
ap} W

k=1

(6)

By observing this rate of change in (6) the gradient can
then be sketched in vector notation as:

Vx2(p) = —x (D)5 X(P) —ﬂp)]

IEEE Catalog Number CFP13827-ART
ISBN 978-1-4799-1461-6
978-1-4799-1461-6/13/$31.00 ©2013 IEEE

483

VXZ(I’) = _[y - y(p)]zxmwmxndmxn (7)
where:
Zy(tiP) =y(EsP) v 5y
o |y @) gy ey @P) | (g

) H . i H . 5 H .

Equation (8) is the Jacobian matrix of size m x n (having
m measurements and n model parameters) evaluated at
vector P which represents the rate of change of the model

to fit in variation of each parameter component.

To find the steepest descent using (7), a vector of the
opposite direction must be considered, so if a vector pq
should be found better than py then a small perturbation
vector 8h around py must be pointing towards the following
direction:

Sh=aly— y(p)]zxmwmanmxn €)

This perturbation vector §h moves the parameter vector

P just in the direction of the steepest descent and the scalar

a > 0 determines the length of the step in the steepest

descent. Note that the vector in (7) is just in the opposite

direction of that of (9). Equation (9) is just the contribution
of the gradient descent method to the LM algorithm.

The Gauss-Newton contribution to the LM method
comes from assuming that the model to fit y(t,;p) is
approximately quadratic in the parameter vector in the
neighborhood of the optimal solution. The first order Taylor
series for the model y(t,; P) around some vector p; will be
an acceptable approximation to consider, as given by:

Y@ e = 3(,), , HIP)lP-»] , 0
If &h= p— p; then:
y( + 6h) =~ y(p) + J6h (11)

By substituting (11) in (4) a new function of the
perturbation vector can be observed:

¥+ 8h) = [y~ 3(p+ SHTWy ~ (p + 5h)]

X3P + 8h) ~ <[y — y(p) — J8hI"Wly — y(p) — ]8R] (12)

The perturbation vector 8h that minimizes y?(p + 8h)
can be estimated from the gradient:

B
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ViA(p+ 8h) == x*(p+ Sh) =0  (13)

As can be seen in (12), (13) involves a series of
multiplications of terms, from which only those related to
the perturbation vector will be considered in the following
equation:

0 2(p+ 8h)
P p ~

a (1
~ ﬁ{i ly — () —18h]" W[y — y(p) - l6h]}
~ %a%{—zﬂw;ah +29(p)"W J8h + ShTJTW J&h}

~=ly-y@I'"WJ+8hT]'W] =0 (14
This last conclusion will give the condition for &h that will
make the error function the minimum, resulting:

sShT[J'W ]| =ly—y@1'W]  (5)

II. THE LEVENBERG-MARQUARDT ALGORITHM

The core of the Levenberg-Marquardt algorithm can be
expressed as:

SHT[J'WJ + M| = [y—y@)I"™W]  (16)

where small values of A result in a Gauss-Newton update
and large values of A result in a steepest descent update.
Within the iterative process of the algorithm there is an
adaptive variation of A so as the solution approaches the
optimum value for p then A is decreased and the algorithm
becomes a Gauss-Newton update.

In this work, (16) is applied to the injection model (1)
along with its parameter vector pg = (a, 8,7, 5) € R* using
a set of m measurements made from the experimental cell
described in the following section. The main logic structure
of the LM algorithm can be synthesized in the following
pseudo-code.

LM pseudo code:

1. Propose an initial guess for parameter vector p

eg: po=(1111).
2. Propose a modest initial value for A, e.g.: 1=
0.001.

3. Propose weight values proportional to the mean
squared error:

wi =y =@ lamly = Y00 mx
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4. For each i-th iteration (i=1, 2, ...., k)

4.1 Estimate y2(p;) from (3).

4.2 Find the perturbation 8h; from (16).

4.3 Estimate the new vector p;,1 = p; + 6h; .

4.4 If y2(pis1) = x*(p;) increase A by a factor of
10 (this value can be modified to test the
convergence speed). No updates are taken for
Pi+1, instead go to step 4.2.

45 If x2(Pis1) < x%(p;) decrease A by a factor
of 5 (this value can be modified to test the
convergence speed). Update p;, 1.

4.6 Estimate the error.

4.7 Go to step 4.1 to estimate y2(P;11).

The Jacobian matrix J,,, can be numerically
approximated through the small differences between p;,q
and p; as:

0y, 3(ti piten) -3t p)

Y ap; (e

(17

It is possible to control a set of parameters of the iterative
process to improve the convergence of the algorithm, for
example, we set the maximum limit of iterations to be 200;
the value of A when increased (step 3.4) is different when
decreased (step 3.5); a minimum error figure also might be
considered. There are excellent references about the code
implementation of the LM algorithm in [1] and [3].

11I. EXPERIMENTAL CELL

A set of 256 measurements were made using the test cell
of Fig. 2, where the channel current of transistor Myy; is held
constant through the current source Is and its source to drain
potential Vsd is also held constant through Vref. With the
imposed conditions of constant Is and Vsd, the voltage Vgd
is self biased to fulfill its imposed conditions. In these static
conditions a constant injection current is held as can be seen
from (1). The operational amplifier in the control gate
provides a linear change of voltage [9] at node Vout, as a
result of the dynamic integration of the injected current
through capacitor Cin. By taking the slope of this linear
change at Vout in different time instants it is possible to
indirectly estimate the injected current by considering:

Vrg _ CT Vig2=Vrgr _ C AWVoutz—Vout1 C; AVout (18)
- - — vin
At

i=C, 2e
nj = “fg gt t;—t, t;—t;

where:

Cr - Total capacitance seen by the floating gate
including parasitic capacitances.
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(Vgg1,11) - Floating gate voltage at instant time t;.
(Vi 1) - Floating gate voltage at instant time t,.

Cy, — Floating gate capacitance.

a -  Coupling capacitive factor from V,, to Vg:
Cin

Cr

a =

In essence, it is possible to measure the injection current
just by observing the voltage change in Vout within some
finite time as can be seen from (18).

The geometry of the pFGMOS within our experimental
cell was L = 0.6pm, W = 0.9um. It was fabricated in 0.5-
micron, n-well, standard CMOS MOSIS technology.

Cin —//

Vout }__CI

1pF

Fig. 2 Experimental test cell used to measure parameters in
model (1).

To collect useful data to achieve the curve fit, a voltage
Vref was held constant while a set of 32 discrete values for
Is where used to obtain its corresponding linj and Vgd
values. The purpose of this strategy is to fully describe (1)
for a discrete set of currents Is except for the parameter
values to fit. By following this strategy through a discrete
set of voltages Vsd it is possible to collect a useful dataset to
use in the LM algorithm. Fig.(3) shows the dataset collected
for 8 different Vsd voltages, each containing 32 discrete
values for Is and Tinj.

As a result of the injection process, the floating gate
voltage is diminished as a result of the increasing number of
electrons [5], [8], so for every set of 32 injection currents a
tunneling pulse Vtun of ~15.4V was applied during 10
seconds to rise the floating gate voltage to ~2.4V, making
the cell ready for another round of 32 injection currents.

IV. RESULTS

The measured data set (256 points) can be observed in
circles in Fig. 3 which is a log Iinj vs. log Is plot. The
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continuous lines are the mathematical model following (19)
having the parameters found by the LM algorithm.

iin; = 70x1075exp (— U 1.695vsd) (19)

(vga+4.683)

The LM algorithm was executed several times changing
the initial parameter vector py = (1,1,1,1) at each trial as
lower values of the error function y?(p,) were found.

Fig. 4 shows the evolution of the error function y2(p) in
a semi-log plot, which is used to observe the convergence of
the algorithm and the values of A adopted within the
iterative process. It is possible to test different values for
increasing lambda and decreasing lambda to improve the
convergence of the algorithm.

10713

2 measured data
model fit

oo

10718

1070 108

log Is
Fig. 3 Model fit comparison with the measured data set. Each
curve contains 32 measured (Is, Iinj) data points (circles) for each
different Vsd proposed.

Also, it is possible to observe the evolution of the
parameter vector through the iterative process of the
algorithm as show in Fig. 5.

(2]
(2]
m



2013 10th International Conference on Electrical Engineering, Computing Science and Automatic Control (CCE)

o 20

0.35

40

80

100
iteration num ber
(a)

120

140

160

180

200

0.3

025+

021

015

01

005+

40

60

80

100

120

140

160

180

200

iteration num ber
fb)
Fig. 4 (a) Error function y2(P) evolution; at each iteration the
initial parameter vector was modified by a §h making the error
smaller in the iterative process. (b) Evolution of A according to
steps 3.4 and 3.5 of the pseudo-code, starting from 0.001.

Through the several runs of the algorithm trying to find a
better fitting, the final values observed in the parameter
vector shown in Fig. 5 were taken in the initial parameter
vector of the next run of the algorithm, in this manner we
confirmed that the error was constantly decreasing and
confirming also the convergence of the algorithm.

The model fitting was validated by considering the figure
of merit function to decrease below some accepted error
value. This does not tell per se whether we have found a
local minimum nor a global minimum.

As proposed in [2], Fig. (6) shows the macro model
circuit that can be used to implement the electron injection
current by using a voltage controlled current source (VCCS)
Ginj embedding the model fit (19). The additional voltage-
controlled voltage source with series resistor is used to
improve the convergence in Spice. Transistor My,, models
the MOS capacitor used for tunneling.
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Fig. S Evolution of the parameters involved in the fitting of (2).
These values are not the best fit found of (2), are intermediate
values evolving in the iterative process.
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Fig. 6 pFGMOS circuit macro model used to simulate the electron
injection current. The voltage Vic is used to set any initial voltage
condition in the floating gate. This macro model is useful in
standard transient analysis of Spice simulators. DC simulations are
likely to have convergence issues [4].
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V. CONCLUSION

The Levenberg-Marquardt method can be used as an
iterative algorithm to fit nonlinear mathematical models to
experimental data within some accepted error criterion. The
method provides robust and rapid convergence. As an
example of the implementation of this method, the hot
electron injection semi-empirical model proposed by Chris
Diorio et al [2] has been fitted to our experimental
measurements of injected currents for a test cell fabricated
in the 0.5-micron, standard CMOS MOSIS technology. A
method for measuring the injection current was also
provided.

As shown in this work, the main result through the LM
curve fitting is to provide a circuit macro model suitable for
transient simulation of the hot electron injection
phenomenon, in particular for the low-cost 0.5-micron,
standard CMOS technology. The ability to design and
simulate floating gate programming cells for 0.5-micron
CMOS technology using the proposed fit would also be a
valuable advantage [6].
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